The SPARC sample consists of 175 nearby galaxies with modern surface photometry at 3.6 µm and high quality rotation curves. The sample has been constructed to span very wide ranges in surface brightness, luminosity, rotation velocity and Hubble type, thereby forming a representative sample on galaxies in the nearby Universe. To date, the SPARC sample is the largest collection of galaxies with both high-quality rotation curves and NIR surface photometry.
The neo-MOND model used here to analyse the SPARC sample recognizably conforms to the general pattern of the classical MOND algorithm, with the primary difference that, whereas the classical MOND model is purely phenomonological, the neo-MOND model is a special case of a general theory motivated by the ideas of Leibniz and Mach (not discussed here). The consequent main results can be broadly summarized by two statements:
• dynamical mass (computed from neo-MOND fits to SPARC rotation curves) tracks photometric mass (estimated from SPARC surface photometry) with high fidelity in a statistically perfect way;
• a generalized baryonic Tully-Fisher relation arises directly from the neo-MOND model itself, which, in turn, provides the basis for the derivation of a complete theory of the BTFR.
1 Introduction:
The SPARC sample (Lelli, McGaugh & Schombert (2016) ) was made publically available in 2018 with the express intention of providing a tool for the study of mass distributions across the generality of spiral galaxies. It is the most comprehensive and accurate sample available for such purposes by a considerable margin, and its recent release into the public domain has made possible the analysis presented here.
In practice, modern ideas about mass-modeling within galaxies fall into one of two general points of view:
• the general concensus is that some form or other of Dark Matter is essential if the observed dynamics within (generally) spiral galaxies is ever to be understood;
• resisting the general concensus is the very much minority view that a modification of the classical Newtonian theory is required -a view that is encapsulated within the MOND algorithm, introduced by Milgrom in the 1980s.
Milgrom, along with several other authors over the years, puzzled over the dual mysteries of the 'flat rotation curve' phenomenon of disc galaxies and the baryonic Tully-Fisher relationship which related the asymptotic (flat) rotation velocity in such galaxies to their visible mass. His crucial insight in the early 1980's was the recognition that if the flip to flatness of rotation curves occurred on an acceleration scale, rather than some distance scale which many had tried, then the baryonic Tully-Fisher relationship would follow as a natural conequence. This idea, MOND, (for Modified Newtonian Dynamics) proved to be surprisingly productive, as is evidenced by the blitz of work which followed Milgrom (1983a Milgrom ( ,b,c,d, 1984 Milgrom ( , 1988 Milgrom ( , 1989a Milgrom ( ,b,c, 1991 Milgrom ( , 1994a Milgrom ( ,b, 1995 Milgrom ( , 1997a Milgrom ( ,b, 1998 Milgrom ( , 1999 . Sanders Sanders (1984 , 1986 , 1989 , 1990 ,b, 1996 , 1997 ,b, 1999 , 2000 , 2001 , 2014 ), McGaugh McGaugh (1995a ,b, 1996 ,b,c, 1999a ,b, 2000a ,b, 2001 ) (and others, variously) added considerably to the volume of work demonstrating the absolute efficacy of the MOND algorithm in the context of disc galaxies. These references are inclusive up until about the turn of the century.
The primary argument levelled against MOND (apart from the fact that its real successes appear to be confined to the domain of galaxies and, in particular, spiral galaxies) is that it has no theoretical support, although quite a lot of effort has been expended in trying to build theories around it. The neo-MOND model, which is recognizably of the MOND-type and is used herein to analyse the SPARC sample, arises from a theoretical point of view rooted in very old ideas that trace via the ideas of Mach & Leibniz arguably to those of Aristotle. See Roscoe (2018) for the comprehensive synthesis of the associated cosmology and for the development of the neo-MOND model used extensively here. A brief summary of this latter model development is given in Appendix §A.
A particularly simple consequence of the model is what is best described as a generalized baryonic Tully-Fisher relation, and it is this generalized BTFR which leads directly to a complete theory of the BTFR. Specifically, neo-MOND is so named primarily because the critical acceleration parameter, a 0 say, of Milgrom's MOND is fundamental to it. Correspondingly, there are the parameters R 0 , the critical radius at which a 0 is reached, V 0 , the rotational velocity at R 0 , and M 0 , the mass contained within R 0 . Additionally, there are the parameters V f lat , the flat rotation velocity and M f lat , which corresponds to the total disc mass used in conventional BTFR studies. With this notation, the neo-MOND model leads directly to the generalized BTFR:
This generalized BTFR then leads to three inter-related scaling relationships:
and :
The first, BTFR 1 is clearly a particular quantitative form of the standard empirical statement of the BTFR, whilst BTFR 2 is simply BTFR 1 reformulated in terms of M 0 using the final scaling relationship.
In practice, since the parameters (M 0 , V f lat ) are determined purely by neo-MOND fits to the rotation curves, then M f lat is also determined in this purely dynamical way, and one of the primary results presented here is the demonstration, using the analyis of Lelli, McGaugh & Schombert (2015) , that dynamical M f lat tracks photometric M f lat with high fidelity. Specifically, BTFR 1 above gives log M f lat ≈ 1.76 + 4 log V f lat which corresponds extremely closely to the best empirical BTFR fit found by Lelli et al in their analysis of the SPARC galaxies.
The MOND and neo-MOND models
In this section, we give a very brief overview of the MOND and the neo-MOND models. The irreducible connection between the two is simply that the critical gravitational acceleration scale
is fundamental to both. The interpretation of the neo-MOND theory is, however, quite different from that of MOND. On the gravity modification interpretation of MOND, the critical acceleration scale is the point at which one gravitational law gives way to another. By contrast, in neo-MOND, the critical acceleration scale is a cipher for the critical surface density scale
which is interpreted to represent the boundary between the defining characteristics of the internal galactic environment and the defining characteristics of the external environment within which the galaxy resides, which we consider briefly below.
The external environment: the observations & the debate
The now accepted reality is that, on medium scales at least, matter in the universe is, in a statistical sense, distributed in a quasi-fractal D ≈ 2 manner. This empirical fact, when taken seriously, proves to be absolutely pivotal to an understanding of MOND phenomonology for a very simple reason: taken seriously, a quasi-fractal world of D ≈ 2 implies the existence of a characteristic mass surface-density, ρ 0 say, on the medium scales concerned. An ambient mass surface-density, if you like. The existence of a characteristic acceleration scale, a 0 ∼ Gρ 0 , where G is the gravitational constant, then follows as a matter of course. This opens a window onto the whole of MOND phenomonology. For that reason, we give a brief overview of the history of the debate surrounding questions of large scale structure.
A basic assumption of the Standard Model of modern cosmology is that, on some scale, the universe is homogeneous; however, in early responses to suspicions that the accruing data was more consistent with Charlier's conceptions Charlier (1908 Charlier ( , 1922 Charlier ( , 1924 of an hierarchical universe than with the requirements of the Standard Model, De Vaucouleurs (1970) showed that, within wide limits, the available data satisfied a mass distribution law M ≈ r 1.3 , whilst Peebles (1980) found M ≈ r 1.23 . The situation, from the point of view of the Standard Model, continued to deteriorate with the growth of the data-base to the point that, Baryshev et al (1995) were able to say ...the scale of the largest inhomogeneities (discovered to date) is comparable with the extent of the surveys, so that the largest known structures are limited by the Mathewson, Ford & Buchhorn boundaries of the survey in which they are detected.
For example, several redshift surveys of the late 20th century, such as those performed by Huchra et al (1983) , Giovanelli and Haynes (1986), De Lapparent et al (1988) , Broadhurst et al (1990 ), Da Costa et al (1994 and Vettolani et al (1993) etc discovered massive structures such as sheets, filaments, superclusters and voids, and showed that large structures are common features of the observable universe; the most significant conclusion drawn from all of these surveys was that the scale of the largest inhomogeneities observed in the samples was comparable with the spatial extent of those surveys themselves.
In the closing years of the century, several quantitative analyses of both pencil-beam and wideangle surveys of galaxy distributions were performed: three examples are given by Joyce, Montuori & Sylos Labini et al (1999) who analysed the CfA2-South catalogue to find fractal behaviour with D = 1.9 ± 0.1; Sylos analysed the APM-Stromlo survey to find fractal behaviour with D = 2.1 ± 0.1, whilst Sylos Labini, Montuori & Pietronero (1998) analysed the Perseus-Pisces survey to find fractal behaviour with D = 2.0 ± 0.1. There are many other papers of this nature, and of the same period, in the literature all supporting the view that, out to 30 − 40h −1 M pc at least, galaxy distributions appeared to be consistent with the simple stochastic fractal model with the critical fractal dimension of D ≈ D crit = 2. This latter view became widely accepted (for example, see Wu, Lahav & Rees (1999)) , and the open question became whether or not there was transition to homogeneity on some sufficiently large scale. For example, Scaramella et al (1998) analyse the ESO Slice Project redshift survey, whilst Martinez et al (1998) analyse the Perseus-Pisces, the APM-Stromlo and the 1.2-Jy IRAS redshift surveys, with both groups claiming to find evidence for a cross-over to homogeneity at large scales.
At around about this time, the argument reduced to a question of statistics (Labini & Gabrielli (2000) , Gabrielli & Sylos Labini (2001) , Pietronero & Sylos Labini (2000) ): basically, the proponents of the fractal view began to argue that the statistical tools (that is, two-point correlation function methods) widely used to analyse galaxy distributions by the proponents of the opposite view are deeply rooted in classical ideas of statistics and implicitly assume that the distributions from which samples are drawn are homogeneous in the first place. Hogg et al (2005) , having accepted these arguments, applied the techniques argued for by the pro-fractal community (which use the conditional density as an appropriate statistic) to a sample drawn from Release Four of the Sloan Digital Sky Survey. They claimed that the application of these methods does show a turnover to homogeneity at the largest scales thereby closing, as they see it, the argument. In response, Sylos Labini, Vasilyev & Baryshev (2006) criticized their paper on the basis that the strength of the conclusions drawn is unwarrented given the deficencies of the sample -in effect, that it is not big enough. More recently, Tekhanovich & Baryshev (2016) have addressed the deficencies of the Hogg et al analysis by analysing the 2MRS catalogue, which provides redshifts of over 43,000 objects out to about 300Mpc, using conditional density methods; their analysis shows that the distribution of objects in the 2MRS catalogue is consistent with the simple stochastic fractal model with the critical fractal dimension of D ≈ D crit = 2. To summarize, the proponents of non-trivially fractal large-scale structure have won the argument out to medium distances and the controversy now revolves around the largest scales encompassed by the SDSS.
In the following, we make the assumption that the D ≈ 2 external environment discussed above includes not just the distribution of galaxies, but also all other matter (gas, dust, radiation etc), and extends from the medium cosmological scales assumed in the foregoing discussions right down to the immediate exterior environment of every individual galaxy. This modelling assumption is fundamental to the neo-MOND formalism used herein.
Milgrom's classical MOND model
Referring to (1), the MOND algorithm is built around the idea that for accelerations > a 0 , then classical Newtonian physics applies, whilst for accelerations ≤ a 0 , then the provisions of MOND apply. For the sake of simplicity, if we assume a spherically symmetric model this means that the rotation velocity at radius R in the equatorial plane is computed according to
where R 0 is the radius at which the critical acceleration occurs and M (R) is the total contained mass at radius R, where M (R) is intended to represent visible mass, so that no notion of DM is entailed. In practice, this visible mass is a combination of gas, stars and dust in the disk and, where a detectable bulge is present, some luminosity-based estimate of that bulge mass.
It is clear that (3) automatically entails a very specific quantitative form of the baryonic TullyFisher relation (BTFR) given by:
where M f lat is the total mass of the disc (itself a slippery concept, enlarged upon in §4), generally estimated via disk-photometry to within definitions of mass-to-light ratios. For convenience of nomenclature, we shall refer to (4) as the 'Milgrom's form of the BTFR'.
It is generally assumed that good estimates of the mass distributions of gas and dust in discs can be determined from their radiative properties alone, and that the only significant uncertainties concern stellar mass-to-light ratios in particular. Consequently, the only free parameter within the MOND algorithm is the stellar mass-to-light ratio, Υ. For any given disc, Υ is varied to ensure that the correct asymptotic rotation velocity is obtained for the disc concerned. Remarkably, all the other details of the rotation curve then fall automatically into place.
The neo-MOND model
We give an outline derivation of the neo-MOND model in Appendix §A. See Roscoe (2018) for the comprehensive synthesis. Apart from the fact that this model arises from an underlying theory (in which all conservation laws are satisfied), the primary difference is that, whereas for MOND, the fundamental parameter is a 0 which defines the critical acceleration scale at which one gravitational law gives way to another, for neo-MOND the fundamental parameter is the critical surface density ρ 0 (related to a 0 by (2)) which is taken to define the boundary R = R 0 between the galactic interior and the beginning of a transition zone which ultimately merges into the external (fractal D ≈ 2) environment argued for in §2.1. With this understanding, the underlying theory then gives the following models for a simple disc galaxy sitting within a fractal D = 2 external environment:
General neo-MOND model for an arbitrary galactic interior mass distribution
Here, M g (R) represents the general mass model on the interior of the galaxy concerned:
where R = R 0 is the radius at which the critical acceleration is reached, and M 0 ≡ M g (R 0 ) is the total galactic mass contained within R ≤ R 0 .
Simple neo-MOND model for linear galactic interior mass distribution
For the present analysis of the SPARC sample, we have used a very simple interior mass model M g (R) = m 0 R/R 0 so that (5) becomes:
In the foregoing, V f lat is the flat velocity of the rotation curve, R 0 is the critical radius at which the critical surface density, ρ 0 (or, equivalently, the critical acceleration, a 0 ) is reached, and M 0 is the mass (gas, stars and dust) contained within that critical radius. For the remainder of this analysis, we shall use the phrase 'neo-MOND' to refer to the simple neo-MOND model, (6) above rather than the general model (5).
The process of applying neo-MOND can now be described as follows:
• whilst in classical MOND, the values of M 0 and R 0 are in principle known, there is considerable uncertainty concerning their exact values for any given disc. So, neo-MOND treats (M 0 , R 0 , V f lat ) as parameters to be varied in order to optimize the fit of V rot (R) given at (6) to the measured rotation curve in the disc concerned. An automatic code, based on the Nelder-Mead method (robust on noisy data), was used for this process;
• then, once the best fit is found, galactic distances are rescaled to ensure that V 2 0 /R 0 = a 0 ≈ 10 −10 mtrs/sec 2 . Note that when distances are rescaled in this way, the calculated values of M 0 must also be rescaled (in proportion to R 2 ) in order to ensure that velocities given by (6) remain invariant under rescaling. Note that this rescaling process is essential if scaling laws are to be seen on the data;
• we show in §4.1 that the scaling relation
holds. Thus, whilst we perform the curve fitting process described above as if the three parameters (M 0 , R 0 , V f lat ) are independent, this latter scaling relation tells us explicitly that these three parameters are in a direct algebraic relationship. In other words, there are only two free parameters required for the fitting of neo-MOND to any rotation curve; for example, the parameter pair (V 0 , V f lat );
• finally, in §4.2, we show that M f lat , the total disk mass (that is, M 0 plus the mass of the disk transition zone) satisfies the scaling relation
, so that the total disk mass also receives an explicit definition in terms of dynamical quantities. This latter scaling relation is verified against the analysis of Lelli, McGaugh & Schombert (2015) .
3 Velocity modelling for the SPARC galaxies.
In the following, we consider only the SPARC galaxies which have quality flag Q = 1 or 2, which gives a total sample of 160 objects out of a total of 175 objects. Furthermore, we then partition these 160 objects into the 129 objects which appear to have no measurable bulge component, and the 31 objects which do have a measurable bulge component, and consider each partition seperately.
SPARC objects without bulge component: Velocity fits
In order to provide an 'at a glance' impression of how good both the MOND and the neo-MOND fits are, Figure 1 plots the density distributions of the normalized velocity residuals at every measured point on every rotation curve across the sample (totalling about 2100 individual residuals) for both the MOND fits and the neo-MOND fits. It is clear that both methods give unbiassed estimates of the rotation curves across the whole SPARC sample.
The detailed fitted rotation curves for the whole non-bulgy subsample of 129 objects are plotted in Figures 7...17 inclusive. These plots use the original distance scaling of the SPARC sample, for convenience. The theoretical fits are represented by the solid lines, and the measurements are represented by the filled circles.
Out of this subsample of 129 objects, there were 'three unexpected significant failures to fit' -unexpected because the measured rotation curves concerned were simple and smooth. In each of these cases, very good fits were obtained by deleting either the innermost first velocity measurement, or the innermost first and second velocity measurement. Thus, for NGC4051 ( Figure  15 ) and UGC09992 (Figure 17) , we deleted the first data point only to obtain good fits, whilst for NGC4214 (Figure 15 ), we deleted the first two data points to obtain a good fit. It seems quite likely that the source of this problem lies in the possibility that the affected objects have small undetected bulge components which perturb the innermost velocities sufficiently to render the modelling assumptions underlying (6) (essentially, a simple linear mass model for R < R 0 ) less robust. This idea is supported by the fact that, as we shall see below, the problem exists in an exaggerated form on the bulgy SPARC objects.
Finally, across the whole sample of 129 objects, with four exceptions, the fits vary from good to excellent. The exceptions comprise a couple of very messy cases NGC5371 ( Figure 10 ) and NGC0289 ( Figure 14) for which the fits are very poor, and two quite complicated cases NGC3893 and NGC3992 (both Figure 9 ) for which the fits are merely "indicative" of the general behaviour. Normalized velocity residuals Density SPARC data Figure 1 : Density plots of all normalized velocity residuals over the whole SPARC sample using both classical MOND (dashed line) and the neo-MOND (solid line) model used here. The total lack of bias indicates (a) that the rotation curve measurements themselves are without bias and (b) that both theoretical models are similarly without bias with respect to the data.
SPARC objects with bulge component: Velocity fits
The detailed fitted rotation curves for the whole bulgy subsample of 31 objects are plotted in Figures 18, 19 and 20. Again, the plots use the original distance scaling of the SPARC sample, for convenience. The theoretical fits are represented by the solid lines, and the measurements are represented by the filled circles. Except for three objects displaying very similar behaviour NGC5033 (Figure 18 ), UGC02916 and UGC05253 (both Figure 20) for which the fits are poor, the fits vary from being indicative to excellent.
When analysing this subsample, there were 'five significant failures to fit'. In each of these cases, much improved fits were obtained by deleting up to four of the innermost velocity measurements. Thus, for NGC0891 ( Figure 18 ) we deleted the first data point only to obtain an indicative fit, whilst for UGC02885 (Figure 19 ) we deleted the first two data points to obtain an indicative fit and similarly for UGC06614 (Figure 19 ) to obtain a good fit. For UGC06973 (Figure 20) we deleted the first three data points to obtain an indicative fit and for UGC02487 (Figure 19 ) we deleted the first four points to obtain a good fit. The improvements obtained in this way support the conjecture made above that bulgy nature of this subset of 31 objects renders the modelling assumptions underlying the simple model (6) less robust.
The derivation of the BTFR
The empirical BTFR states that
where V f lat is the flat rotation velocity and M f lat is defined as the mass of the disk out to the radius where V rot = V f lat is attained, and it is generally estimated by photometric methods and determined to within mass-to-light ratios. Because it is (almost) impossible to quantify in any precise way the idea of V f lat being attained at a well-defined radial position, then practical definitions of M f lat tend to be quite loosely defined.
By contrast, the primary mass in neo-MOND is M 0 , the mass contained within the critical acceleration radius, R 0 , and since R 0 has a precise quantitative definition, then so does M 0 . In the following derivation of the BTFR, it is necessary to form the hypothesis that
, which amounts to defining M f lat in exactly the same precise way as M 0 is defined. We confirm this hypothesis on the SPARC sample in §5.2 via a direct comparison of M f lat computed according to the scaling relation above and M f lat estimated via photometric methods from the SPARC sample.
A generalized BTFR
We derive the basic scaling relation of neo-MOND which is fundamental to the derivation of a complete theory of the BTFR.
From (5), we have directly that
after (2) has been used. Since R = R 0 is the critical acceleration boundary, then we immediately have
Defining the composite characteristic velocity V c ≡ V 0 V f lat , then this latter relation becomes:
for the required scaling relationship. Its general structure means that it can reasonably be classified as a 'generalized baryonic Tully-Fisher relation' -or generalized BTFR.
BTFR 1 : An explicit derivation of Milgrom's form of the BTFR
From (8) we have:
which can be rewritten as
We see immediately that if we hypothesize the scaling relationship
then (9) becomes BTFR 1 :
which is precisely Milgrom's form (4) of the empirical BTFR. Of course, the hypothesised scaling relationship (10) must be put to the test, which we do in §5 using the analysis of SPARC data provided by Lelli, McGaugh & Schombert (2015) .
An obvious, but important, consequence of the hypothesis (10) is that M f lat is given a precise definition in terms of dynamically determined parameters, rather than any one of the several (slippery) photometric definitions that can be found in the literature.
4.3 BTFR 2 : The constrained BTFR
Consider (9), with the constraint α = k ≡ const. We get
Thus, for any ensemble of galaxies, each member of which is constrained to satisfy V f lat /V 0 ≡ k for some fixed constant k, then BTFR 2 defined by (12) holds true.
Note that a basic difference between BTFR 1 and BTFR 2 is that the zero point BTFR 2 varies according to sample choice, whilst it is fixed in BTFR 1
5 BTFR 1 and mass modelling of the SPARC galaxies
For the mass modelling, we consider only those SPARC galaxies which have no measurable bulge component and which have a quality flag Q = 1 or 2, which gives a total sample of 129 objects. The bulgy objects are not considered simply because the neo-MOND model used here, (6), incorporates a highly simplistic linear model for the galaxy interiors. Bulgy objects probably require the generalized neo-MOND model of (5).
5.1 M 0 : the mass inside the critical radius, R ≤ R 0
The parameter M 0 of the neo-MOND model, (6), represents the predicted total mass inside the critical radius R ≤ R 0 for the galaxy concerned. To calculate the SPARC estimate of the same quantity for objects with no measurable bulge component, we adopted a global mass-to-light ratio in the disks of M LR = 2.0 (this guarantees the zero point), and then integrated the disc surface-brightness profiles for R ≤ R 0 to obtain the SPARC estimates of the same quantity.
The upper diagram of Figure 2 plots log M 0 (theory), against log M 0 (photometry). It is clear that there is an almost statistically perfect correspondence between the two quantities; a linear regression gives:
log M 0 (photometry) ≈ (0.96 ± 0.02) log M 0 (theory) + (0.00 ± 0.03) with a very tight fit, so that the visual impression is confirmed. To emphasize the point, the lower diagram shows the distribution density plots of both M 0 (theory) and M 0 (photometry). They are virtually identical so that, for all practical purposes, optimizing the velocity fits allows the neo-MOND model to reliably recover the total mass contained within the critical acceleration boundary, R ≤ R 0 , of individual galaxies. Upper figure: log M 0 (theory) plotted against log M 0 (photometric). Lower figure: density plots of log M 0 (theory, solid) and log M 0 (photometric, dashed) across the SPARC sample.
M f lat : Total disk mass: neo-MOND versus disk photometry
The quantity M f lat is qualitatively defined as the mass contained within the disk up to the radius where V rot = V f lat is considered (by some criterion) to have been reached, and is conventionally estimated using disk-photometry. However, in §4.2, we found that the key to deriving the BTFR, given in an explicit form from (11) as BTFR 1 :
is to hypothesize the scaling relationship
so that we obtain a precise definition of M f lat given in terms of the dynamically determined fitting parameters (V 0 , V f lat , M 0 ) which all arise via the neo-MOND fitting process. So, the obvious question is:
Is the hypothesis (14) confirmed on the data?
The work of Lelli, McGaugh & Schombert (2015) provides an unqualified yes to this question, as we show below.
The study of Lelli, McGaugh & Schombert (2015)
The work of Lelli, McGaugh & Schombert (2015) was motivated by the idea that, within ΛCDM cosmology, the BTFR can only emerge from a complex process of galaxy formation, and is hence expected to be associated with significant intrinsic scatter. In short, the degree to which intrinsic scatter is present within the BTFR provides a key test for ΛCDM cosmology. The very high-quality of the SPARC sample provided an ideal opportunity to investigate BTFR scatter in a sample of substantial size. In short, the authors were able to show that the SPARC sample is highly constrained by the BTFR showing far less scatter that expected from the ΛCDM model.
But their results, in demonstrating a very tight fit of the BTFR to SPARC data, also provide a test of neo-MOND together with the scaling relationship (14): specifically, that the quantitative form of the BTFR is given by (13), together with the scaling relationship (14). Figure 3 tells the story: the neo-MOND results, with masses computed according to the scaling relationship (14), are given as the blue cicles whilst the solid line represents the best fit, given by log M f lat = (2.27 ± 0.18) + (3.71 ± 0.08) log V f lat , of the Lelli et al analysis to the SPARC sample. The dashed lines represent the 95% envelope for the best fit. Note that the blue circles are exactly co-linear because neo-MOND guarantees that the BTFR is exactly satified.
Given that neo-MOND computations of V f lat are accurate (a fact which is confirmed by the normalized residual plots of Figure 1 (14) is in essentially perfect correspondence with the photometric determinations of M f lat provided by the Lelli, McGaugh & Schombert (2015) analysis. We can therefore, with confidence, state that the hypothesized scaling relationship (14) is confirmed on the SPARC data.
Note that the objects used for our analysis (and plotted in Figure 3 ) comprise all of the 129 non-bulgy objects with quality flag Q = 1,2. By contrast, Lelli et al's subsample consists of all those objects (Q = 1,2) for which V f lat could be reasonably estimated -coincidently, also 129 objects. (14) is exactly satisfied. The solid line is the best fit of Lelli, McGaugh & Schombert (2015) , whilst the dashed lines represent the corresponding 95% envelope.
6 BTFR 2 and mass modelling of the SPARC galaxies
We have so far considered BTFR 1 , which considers (V 4 f lat ∼ M f lat ). In the following, we considered BTFR 2 , which considers (V 4 f lat ∼ M 0 ).
From (12), we have the BTFR 2
The original rotation curve studies which led ultimately to the empirical BTFR, used RCs which typically consisted of a steeply rising inner segment, followed by an abrupt transition to flatness at ≥ 200km/sec. Such rotation curves can be referred to as archetypal flat rotation curves.
In the idealized case of this behaviour, it is an obvious inference that the abrupt transition to flatness occurs exactly at R = R 0 so that, in such examples, V f lat = V 0 implying k = 1. In other words, such a sample would immediately lead to the k = 1 special case of BTFR 2 given from (15) as:
which, in the units chosen for the current calculations (km/sec, solar masses), becomes:
Unfortunately, when transition velocities ≥ 200km/sec are taken into account, there are only two objects in the SPARC sample which provide clear evidence of this kind of behaviour, these being ESO563-G021 and NGC2998. A sample of two objects is wholly inadequate for any statistical purpose.
In practice, in order to create a reasonable sample size, it is necessary to select from within a narrow range of k values. To make the point, we select objects according to the criterion 0 < k ≤ 1. A subsample of SPARC constructed in this way is shown in Figures 5 and 6 . All objects which satisfied the criterion were included, and no attempt has been made to filter out the 'bad' cases (eg: NGC0289 in particular). This gave a complete subsample of 22 objects. A regression of (log V f lat , log M 0 ) over this subsample gives:
which is in very close correspondence with (16), the k = 1 special case of BTFR 2 . The regression line is shown in Figure 4 . 
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Figure 6: Ten (from a total of 22) objects for which V f lat < V max 7 Extreme objects: LSB galaxies
Finally, according to the MOND literature, a 'Low Surface Brightness' galaxy (LSB) is defined as one in which the condition
where a 0 is the critical acceleration parameter, is satisfied. The prediction that such galaxies exist (Milgrom) was one of the early notable successes of the MOND paradigm, and many objects apparently satisfying this criterion (to within the possibilities of observation and measurement) have now been identified in the sky.
In terms of neo-MOND, such an object would be characterized by the condition that the critical acceleration radius is given by R 0 = 0. However, according to the general neo-MOND model (5), it is clear that as R 0 → 0, then so does the structure concerned dissolve into its external environment. In other words, according to neo-MOND, LSBs defined strictly according to (17) does not exist, by definition.
In practice, however, it seems entirely probable that such objects actually contain an exceptionally small central region (too small to be accessible to observation) within which condition (17) is not strictly satisfied. In the following, the threshold for 'exceptionally small' is arbitrarily defined as R 0 < 0.1 × R min , where (R min , V min ) is the first measured point on the rotation curve and R 0 is the critical acceleration radius.
The application of the simple neo-MOND model (6) to the non-bulgy SPARC subsample of 129 objects identified 26 objects for which R 0 < 0.1 × R min . So, from a purely operational point of view, these are de-facto LSB galaxies according to neo-MOND, and they are listed in Table 1 below, together with their calculated critical radii, R 0 , measured in kpc. 
Summary and conclusions
The quality of the SPARC sample, both in its rotation curve measurements and in its modern surface photometry at 3.6 µm, has been of primary importance to the foregoing analysis. The total lack of bias in the density plot of the normalized velocity residuals (Figure 1 ) is immediately indicative of the quality of the rotation curve measurements as well as the goodness of fit of the models. Similarly, Figures 2 and 3 , which demonstrate the ability of neo-MOND to make reliable estimates of galactic masses purely from dynamical considerations, would have been impossible to construct without the high-fidelity surface photometry of the SPARC sample.
We have demonstrated that the neo-MOND formalism, which derives ultimately from a general theory (a cosmology in which all conservation laws are satisfied) based upon the ideas of Leibniz & Mach Roscoe (2018) , provides a high-fidelity resolution of the SPARC sample in all of its aspects. In particular, it has provided a complete theory of the baryonic Tully-Fisher relation which, for example, yields a definition of total disk mass, M f lat say, purely in terms of dynamically determined parameters.
Finally, given that a key modelling assumption in the derivation of the neo-MOND model is that the classical MOND acceleration boundary defines an objective boundary between a galaxy's interior and the transition zone which ultimately merges into the fractal D ≈ 2 exterior environment discussed in §2.1 (and argued for by Baryshev et al (1995) and others over many years), with the two ideas being connected via the relationship a 0 = 4πρ 0 G, where ρ 0 is the characteristic surface density of the fractal D ≈ 2 environment, then we can reasonably conclude that:
• the boundary is better visualized as a mass surface-density boundary;
• the baryonic Tully-Fisher relation is a direct manifestation of this mass surface-density boundary and is therefore an indicator of its reality;
• implicit to the whole development is the idea/conclusion that Milgrom's MOND itself is, in the final analysis, an approximate statement of neo-MOND. The fact that neo-MOND is an explicit model describing the dynamical/mass behaviour of a small object (a galaxy) set in an extended external environment (the quasi-fractal D ≈ 2 medium scale cosmos), implies that MOND is exactly this also; hence, we can understand why MOND appears to meet difficulties in large-scale cosmological settings. In essence, like neo-MOND, it is a local theory.
A Outline derivation of the neo-MOND disc model
The disc galaxy neo-MOND model of (5) arises as a very simple special case of a general theory based upon the ideas of Liebniz and Mach, which is developed in detail in Roscoe (2018) . There are two inputs to the neo-MOND model: firstly, that which is specific to the underlying theory and secondly, that which is specific to the phenomenology.
A.1 The underlying theory content
The most simple case of the general theory is that of a world in global equilibrium and, according to the theory, material in this equilibrium world is distributed fractally, with fractal dimension D = 2 so that, about any origin, material is distributed according to
where ρ 0 is the mass surface density, which is a global constant in a fractal D = 2 world. This most simple case of the general theory conforms exactly with the quasi-fractal D ≈ 2 distribution of material on medium cosmological scales supported by the discussion of §2.1, and argued for by Baryshev et al (1995) and others over many years.
This latter simple case represents our starting point: to construct the neo-MOND model on the basis of it, we begin by assuming the existence of a finite, but otherwise unspecified, spherically symmetric mass perturbation, M(R) say, of the equilibrium fractal environment, M F (R). This perturbation creates a specific centre and, by definition, for such a system,
According to the general theory (Roscoe (2018) ), the dynamics associated with an arbitrary M(R) admit a degenerate state in which only circular motions, given by
can occur. Clearly, V rot → V f lat as R → ∞ so that V f lat is an asymptotic flat rotation velocity. Now, whilst a disc is, by definition, not spherical, it does sit within its external environment which is spherical. So, our very simple model assumes spherical symmetry, and that all motions take place within the equatorial plane. Equation (18) then provides the theoretical foundation of the neo-MOND model.
A.2 The MOND phenomenological content
If we now consider the evidence of Milgrom's MOND that there is a critical acceleration parameter, a 0 say, with a corresponding critical radius, R 0 , at which the critical acceleration is reached, and then suppose that this is related to the critical surface density parameter, ρ 0 , of the quasi-fractal D ≈ 2 external equilibrium environment through the gravitational constant by
then we can hypothesize that R 0 defines the boundary between the interior environment of a disk galaxy and a transition zone which will ultimately merge into the exterior equilibrium environment. On the basis of this hypothesis, and in the specific context of modelling a galaxy, we can deduce that M(R) in (18) must have the general structure:
where M g (R) is the model for the mass distribution within the galaxy interior. Thus, for this general structure, (18) becomes:
General neo-MOND for an arbitrary interior mass model, M g (R):
) is the total mass contained within the critical acceleration boundary, R ≤ R 0 , and is consequently the total mass of the galaxy concerned.
Simple neo-MOND with a linear interior mass model:
Within the context of the general theory, it is straightforward to show that a general spherically symmetric system reduces to a (generalized) Newtonian system when a linear model of the type
is used. Thus, if we assume that Newtonian gravitational conditions exist on the galactic interior, so that this linear model applies, then (19) becomes
for the simple neo-MOND model used in the present analysis. 
